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1. Introduction 

The aim of this paper is to study some properties of homomorphisms of local k-algebras, 
in particular when k is a field of positive characteristic. In characteristic zero, the geometric 
rank of a homomorphism of local algebras is a nice invariant that gives information about 
the structure of this homomorphism. In particular, a result due to P. M. Eakin and G. 
A. Harris [E-H] tells us that a homomorphism between rings of power series (or convergent 
series) over a field of characteristic zero can be monomialized, and after monomialization 
the geometric rank is equal to the dimension of the image of the monomial homomorphism. 
Homomorphisms with maximal geometric rank have nice properties: they satisfy a linear 
version of Chevalley lemma and the theorem of Gabrielov: if the geometric rank of an injec- 
tive homomorphism of analytic k-algebras is maximal then the homomorphism is strongly 
injective. 

In characteristic zero, the geometric rank is equal to the rank of the B-module generated 
by Qfc(A)/ n in Q^(B)/ n m^. Unfortunately this definition does not extend well in 
positive characteristic for some obvious problems (for instance look at the k-homomorphism 
ip : k[[x]] — ► k[[a;]] defined by <p(x) = x p where char (k) = p: this homomorphism obviously 
sastisfies a linear Chevalley estimate). 

In this paper we give a natural differential analogue of geometric rank in positive charac- 
teristic, called the differential rank. Then we define another invariant, called the geometric 
rank, using the transcendance degree of a certain valuation. This last definition has been 
first given by M. Spivakovsky in |Spl| . We first prove a result (cf. theorem |4.3[) about the 
structure of k-homomorphisms between rings of power series over a perfect field of positive 
characteristic (similar to the result of P. M. Eakin and G. A. Harris [E-H] valid in character- 
istic zero). This result involves the geometric rank and shows that it is the right analogue 
of the geometric rank defined usually in characteristic zero. This result is very close to a 
monomialization result of dominant homomorphisms in positive characteristic (but monomi- 
alization of such morphisms does not exist in general, see example I4.7J1 . Moreover the proof 
of it is algorithmic and allows us to compute the geometric rank. 

Then we can deduce our first main result which is the characteristic positive analogue of the 
main result of [Iz3j about the linear Chevalley lemma : 

Theorem 1.1. Let (p : A — > B be a homomorphism of local k-algebras where k is a field 
of positive characteristic. Assume that A is an integral domain and B is regular. Then the 
following conditions are equivalent: 

i) grkip — dim A. 
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ii) There exist a, b G K such that av mA (f) + b> v mB (<£>(/)) /or any / G A. 

We would like to mention the work of R. Hiibl [Hu] who gave sufficient conditions for 
general homomorphisms of local rings to satisfy condition ii). He uses nicely a deep result of 
S. Izumi and D. Rees about the so-called Rees valuations. Unfortunately these conditions are 
sometimes difficult to check in practise and we do not know if they are necessary conditions. 

Then we study homomorphisms of henselian and analytic Ik-algebras, where k is a val- 
ued field of any characteristic (for definitions, look at section [6]). For this we first state a 
preparation theorem for hesenlian k-algebras (cf. proposition 16. ip . Indeed the Weierstrass 
preparation theorem is essentially the only tool that we use for this study. Then we give an 
henselian and an analytic version of the theorem [43] in any characteristic (cf. theorem l6.10p . 
Then we deduce from it a weak version of a theorem of A. M. Gabrielov |Ga2] for henselian 
and analytic k-algebras in any characteristic. This problem has been widely studied in the 
case of analytic k-algebras in characteristic zero (cf. for example |B-Z] . |E-H| . |Galj . [Ga2| . 
(ED, [ED, (ED, (HU, ISpT] , [To2] ). This is our second main result: 

Theorem 1.2. Let k be a field of any characteristic. Let ip : A — > B a homomorphism 
of henselian or analytic k-algebras, where A and B are regular. If grkcp = dimA then ip is 
strongly injective (i.e. (p^ 1 {B) = A). 

Then using the algorithmic proof of the theorem 16.101 we prove that if A is a two di- 
mensional henselian, analytic or complete integral domain, then ip is injective if and only 
grk(/3 = 2 (cf. theorem l7.ip . We deduce from this a generalization of a theorem due to S. S. 
Abhyankar and M. van der Put |A-vdP] (they studied the case when A is an analytic regular 
k-algebra) : 

Theorem 1.3. Let k be a field of any characteristic. Let ip : A — ► B be a homomorphism 
of henselian or analytic k-algebras where A is regular and dim(A) = 2. If tp is injective then 
it is strongly injective. 

The author would like to thank Edward Bierstone for his comments about this work 
and his financial support at the University of Toronto. I would like also to thank Mark 
Spivakovsky who pointed out few mistakes in a preliminary version and helped me to improve 
this paper with his mathematical and english remarks. 

1.1. Terminology. In this paper, rings are always assumed to be commutative noetherian 
rings with unity. A local k-algebra will be a local ring A, with maximal ideal m^, containing k 
such that the induced morphism k — ► A/tra is a finite extension of fields. A homomorphism 
of local rings ip : A — ► B means a ring homomorphism such that tp(mA) C iub and 
the homomorphism induced A/vha — ► B/ms is a finite extension of fields. The tru-adic 
valuation u mA is defined by v mA (f) := maxjn G N / / G m^} for any / G A. For / G A 
where A is a local ring, in(/) will denote the image of / in Gr mA A. Because we are mostly 
interested in positive characteristic fields and because most of the results given here are 
known in characteristic zero, the ground field k is always a field of characteristic p > 0. 



The aim of this section is to define an natural and naive differential analogue of geometric 
rank in characteristic zero. Unfortunatly this definition will not be the right one as we show 
later (cf. remark l4~7j) . 

For any k-algebra A, fl£(A) will denote the ^-module of Kahler differentials of A over k. 



2. The differential rank 
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The ^-module of separated Kahler differential, denoted flt(A), is the A- module n0 o %nrrr7\ 
(cf. |Spl| ). If ip : A — > B be a homomorphism of local k- algebras, there exists a unique 
homomorphism p 1 : O k (j4.) — ► ^k(-B) over p compatible with the canonical derivations 
d : A — >nl(A) and d : B — ► Ttl(B). 
The homomorphism p restricted to p~ 1 (B p ) factors as 



tp- 1 (BP) BP 




B 

where ( ) p denotes the Frobenius map / i — > f p . We have the following lemma: 

Lemma 2.1. Let ip : A — ► B be a homomorphism of local k-algebras. The ring p~ 1 {B p ) 
is a noetherian local ring with maximal ideal p~ 1 (B p ) DmA and dim(p~ 1 (B p )) = dim(A). 



Proof. The ring <p 1 (B P ) is a local ring with maximal ideal <p 1 (B P ) n m-A, because every 
element in <^" 1 (BP)\ (ip- 1 (BP) r\m A ) is invertible in ip~ x {BP). We have dim^ -1 ^)) = 
dim(A), because if (xi, x n ) is a system of parameters of A, then (a^, x^) is a system 
of parameters of p~ 1 (B p ). 

□ 

Definition 2.2. Let ip : A — ► B be a homomorphism of local k-algebras where B is an 
integral domain. Let us denote Aq := A and ipo := p. For any integer k > I, let us denote 
Ak := ip~ 1 (B p ) and let <pk be the homomorphism from Ak to B such that tp p k — <p on Ak- 
in particular Ak = tp~ 1 (B p ) for any k. Moreover let us denote 

m k := ranks ( Bpl(Cll(A k )fj 

for all fceN. 

Lemma 2.3. Let k be a perfect field of characteristic p > 0. The sequence (mk)k is an 
increasing sequence of integer less or equal to dim(A) . In particular this sequence stabilizes 
for k >> and lim+oo mk < dim(A). 

Proof. Let k G N. We remark that p~ k 1 (B p ) = p^ 1 (B pk+1 ). Let Wi, u mk G ^k(A-) such 
that ip\(oj\), ...,p\(ui mk ) are B-linearly independent in fl k (B). We can write for all i 

d 

LOi = CLijdXj 
3 = 1 

where (xi,..., xj) be a system of generators of such that Xi,..., x rik £ <p k ~ 1 (B p ) and 
x nk +i, Xd G (Pk 1 (B p ). In particular we have 

i=i 

We denote x'j := x P for j < nu and x'j :— Xj for j > rife. Then {x^, x' d ) C VCiA h+1 and 
<Pk+i(xj) = Pk(xj) for j < rife. We denote a- j — a^j if a l:] G tp~ 1 (B p ) and a' it j = a P j if 
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$ p 1 (B P ). We have tfk+^a^ •) = <Pk{a-i,j) for any i, j. Let us denote for all i 

Y."'A r 'r 

3=1 

Then we have <pl(ui) = Vu+ii^'i) f° r an h hence x(k4), <p\, i(w' mk ) are -B-linearly 
independant in and we have 

m k+1 = rank B fs^ +1 (0^(A fc+ i))J > m k . 

Now the lemma follows from the fact that rank^f^Afc) < dim(Afc) = d for all k G N 
because k is perfect. □ 

Definition 2.4. Under the assumptions of definition \2.S\ assume that k is perfect. The 
differential rank of ip is defined by 



zip := lim irik- 

k >+oo 



In particular we have drk p < dim(A) . 



Example 2.5. Let p : k[[xi, X2}] — > k[[yi, 2/2]] defined by 

<p(xi) : = yi(l + J/2), 
p(x 2 ) ■= 2/2(1 + 2/2)- 

In particular we see that Bip 1 (£l k (A) is a non-zero submodule of Bdyi, and then we have 
ranks (Bp 1 (^(A))) =1. 

We can easily check that the image of f = J2 c i,j x \ x 2 under ip is in B p if and only if 
i+ j 6 (p) wheneve Cij 7^ 0. 



Then we have 



or 



Ai = k[[acj, x\ 1 X2, X1X2 L , x\ 



p- 1 ™Pi 



At = k[[x' , x'p}}/ (x' x' p - XiX' p _i, i = 0, p) 



where x\ :— x\ x\ for any i. We see that A\ is not a regular ring. We have ip i(x'j) 
p{x p ~ t x 2 ) for all i, so we get 

<PiWi) = 2/i ~*2/2 (1 + ^2), Vi. 

TTien we Ziaue /or a// z 

vl(^) = (P - i)2/i _!!_1 2/2(l + 2/2) 
and we deduce rank b 

7/ we denote A' :— k[[xQ, x'J], then the following injections are finite morphisms: 

A' c >~ A 1 < A 



'.V J 



dyi 



dy2 



and rank b [Bpi{^k(^'))j = 2. We can check moreover that for any f G A' , p\{f) G B p if 
and only if f G A' p . 



HOMOMORPHISMS OF LOCAL ALGEBRAS 



5 



Lemma 2.6. Let <p : A — > B be a homomorphism of complete local k-algebras where k 
is prefect and B is an integral domain. Then there exist A := k[[xi,..., Xd]] and a finite 
homomorphism ip : A' — > A such that drk{ip oip) = drkp. 

Proof. Let us consider the following diagram where the horizontal homomorphisms are finite 
injections 

A ko ^ A 1 A Q = A 

and 

ranks (Bip\ o (n k (A ))) = n := drkp. 
Let us consider a system of generators (xi,...x r ) of Vh-A ko - Then ipi (dx\), tp\ Q (dx r ) 

generate the i?-module B(p^ o (f2 k (Afe )). We can extract from the family (xi, x r ) a sub- 
family (xi, x n ) such that tp\ o (dx\), ip\ Q {dx n ) are i?-linearly independent. In particular 
Xi, x n form a part of a regular system of parameters. Thus we can complete this subfam- 
ily by x n +i, Xd £ m A kQ such that (xi, Xd) is a regular system of parameters of Ak . 
The the ring A' := k[[xi, xj\] is a regular ring and the injection ip : A' — > A is finite 
(cf. |Naj theorem 30.6). It comes from the construction that drk((f o -0) > drk^, so it is 
clear that drk (ip oip) — drk ip. □ 

3. The geometric rank 

Let ip : A — > B be a homomorphism of local k-algebras and assume that A is an integral 
domain and B is regular. Consider the valuation v = vb ° <P defined on Frac(A). We denote 
by A v the valuation ring associated to v and by its maximal ideal. We denote by tr.deg k ^ 
the transcendence degree of the field extension k — > 
The Abhyankar inequality says in our context that 

tr.deg k ^ + 1 < dimA 

Definition 3.1. |Spl| The integer tr.deg k is+l is called the geometric rank of tp and denoted 
grkip. 

Lemma 3.2. Let cp, A and B as above. Assume moreover that A is an integral domain. 
Then grkip — grkip. 

Proof. We denote A v (resp. Ap) the valuation ring associated to v = Vb <p (resp. to 
v = Vb ° <p) and m„ its maximal ideal (resp. rap). We have mp (~l A v — then the quotient 
homomorphism ^ — ► 4§ is injective, hence grk<^ > grki/p. 

On the other hand, if fx, f q € Ap are algebraically independant over k in the field kp = 
then we can consider elements /{,..., f' q £ A v such that f[ — fi & mp. Then /{,..., f' q are 
algebraically independent in kp because their images coincide with the images of /i, f q . 
Then grk ip — grk tp. □ 

Lemma 3.3. Let tp : A — ► B be a homomorphism of analytically irreducible local k- 
algebras where A is an integral domain and B is regular. If grkp = dim(A) then tp and tp 
are both injective. 



Proof. Prom lemma [3721 we know that grk tp = dimA = dimA Assume that tp is not injective. 
Let / G Ker£>\{0} irreducible. Such an / exists because A is an integral domain. Let us 
denote A := A/{f). The k-algebra Ai is integral and tp factors through A\. We denote 
by 7r the projection A — > Ai and by p\ : A — * B the morphism such that tp = <p x o tt. 
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Let us denote by v\ the valuation vb ° <pi. Because tp(f) — 0, we have grkip = grk^i. 
From the Abhyankar inequality applied to A%, one sees that grk</?i < dimAi. But we have 
dirndl = dim^l — 1, hence grktp < dim^ — 1 which is a contradiction. So tp is injective and 
tp is injective too, because tp is a restriction of (p. □ 

Lemma 3.4. Let ip : A — > B and a : A' — > A be homomorphisms of integral local 
k-algebras, where A and A' are integral domains and B is regular. If a is finite and injective 
then grk((p o a) = grk(p. 

Proof. We denote by v and v' the valuations induced by tp and ipocr respectively. Let / € A v . 
Then there are a; £ A' v , and k G N such that 

a f k + axf k ~ l + ■ ■ ■ + a k =0 

because Frac(A') C Frac(A) is finite. We can assume that at least one of the et^'s satisfies 
v'ifli) = even if it means dividing the last relation by ai a such that v'(a,i ) = min^ v'(a,i). 
Then, if v(f) = 0, we see that the image of / in k u satisfies a non-trivial integral equation 
over kj,'. Then the field extension k„' — > is algebraic and grk ip — grk (p o a). □ 

Lemma 3.5. Let ip : k[[xi,..., x n ]] — > k'[[yi,..., y m }] be a homomorphism of com- 
plete local k-algebras where k — > k' is finite. Let ip^ denote the induced homomorphism 
k'[[xi, x n ]] — > k'[[yi, y m }]. Then grkip = grktp k >. 

Proof. The homomorphism k[[xi, x n }] — > k'[[xi, x n }] is finite and injective. Thus the 
result comes from lemma [331 D 

4. ALGORITHM FOR MODIFYING A HOMOMORPHISM OF A GIVEN RANK 

We give here a positive characteristic version of a theorem proved by Eakin and Harris 
|E-H] in characteristic zero. This result is about the structure of homomorphisms of rings of 
formal power series over a field of positive characteristic. First we give the following defini- 
tion: 

Definition 4.1. Let ip : k[[xi,..., x n \] — > k[[j/i,..., y m ]]- An admissible transformation 
of ip is a homomorphism Tp related to ip in one of the following ways: 

(1) Modification by automorphisms: There exist a k- automorphism t o/k[[xi,..., x„]] 
and a k- automorphism a o/k[[yi, y m ]] such that Tp = a o tp o r . 

(2) Modification by blowing-up: There si k G {1, m — 1} such that Tp = ip oip where ip 
is defined by 

V'(yi) = Vi for i < k, 
fpiUi) = VkVi for i > k. 

(3) Modification by ramification: There is d € N* such that ip — Tp o ipj where ipd is 
defined by 

ipd(xi) = Xi, and ip d {x t ) = x t Mi ^ 1. 

(4) Modification by contraction: There is k £ {I, n — 1} such that tp =Tpoijj where ip 
is defined by 

ip(xi) = Xi for i < k, 
ip(xi) = XiXk for i > k. 
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Lemma 4.2. Let p : A := k[[xi,..., x n ]] — > B := k[[yi,..., y m }]. Let us consider a 
modification Tp. of (p. Then drkTp — drk(p, grkTp = grkp. Moreover there are a and b such 
that 

aVm A (f) + b> fm B (f(f)) 
for any f £ A, if and only if there are a' and b' such that 

a'v mA (f)+b' >v mB (T?(f)) 

for any f S A. 

Proof. The lemma is obvious for modifications of type (1). 

The equality drk^ = drk ip for modifications of type (2) comes from the fact that ip = ipoTp, 
with rank B (Bi/j 1 (nl(B))) = to = dim(B). The same equality for modifications of type (3) 
and (4) comes from the fact that <p = lpoip with rankA (Aip 1 (Cl^(A))) = n = dim(A). 
The last statement comes from the fact that 

^ v B(ip(f)) < 2v B {f) Vf e B, for modification of type (2), 
Ka(/) < v A (4>{f)) < dv A {f) VfeA, for modification of type (3), 
v A {f)<v A (il)(f))<2v A (f) V/ei, for modification of type (4). 

To prove that grk<^ = grk<^, it is enough to see that Tp defines a new valuation V = vso^on 
Frac(A) that is linearly equivalent to v. For example, for modifications of type (2) we have 

V(f) = MW)) < M<P(f)) < 2MW)) = 277(/), for any / e A. 
Thus we see that k v = k v >, hence grk^ = grk<^. □ 

Now we can state the main result of this article. The proof of this theorem is inspired by 
the proof of a similar result in characteristic zero proved by Eakin adn Harris fE-HJ. 

Theorem 4.3. Let k be a field of characteristic p > and consider an homomorphism 

p : A := k[[xi, x n ]] — ► B ;= k[[y u 

ym]]- There exists an admissible finite sequence 
of homomorphisms (<fii)i : x n ]] — ► k[[yi, ym]] such that ipo = <p and ipu{xi) = 

y\ u i, for some units Ui , for i < grkip and <Pk( x i) = f or i > grkip. Moreover, for any i, 
u.i = 1 if ai — 0, and in(ui) = 1 and it, ^ B p if on > 0. 

Proof. If grkip — 0, then <p(f) = for all /. So we have the result. 
Assume now that grkp > 0. 

We will proceed by induction on the g-tuple [i — (pi, fi q ), defined later, ordered with the 
lexicographic order where q < n. At the beginning, q = n and this g-tuple is (+oo, +oo). 

Step 0: If <p(xi) = then we exchange x n and x\ and we replace the k-algebra 
A = k[[xi, x n ]] by k[[xi, ir n _i]]. Then we define q — n — 1 and /x := (pi, (J, n -i) — 

( + 0O, +00). 

Step 1: If *p(xi) 7^ 0, then <p(xi) is different from a constant and then there exists 
dgN* such that ord(<y9(a;i)) = d. We denote by <?d(yi, y m ) the initial term of ip(xi). Let 
i a i,j)id=i, be a non-singular matrix with entries in k such that gd(ai.i, Om,i) 0. 
We define an automorphism ip of k[[yi, y m ]] by 

m 

^(Vj) '■= ^2a jtk y k , Vj = 1, to. 
fe=i 
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So we get 

tp o ip{xi) — 1, o-m, 1)2/1 + {terms of degree d not divisible by yf } 

+{ terms of degree > d}. 
By composing ip o tp on the right by the automorphism of k[[xi, x n }] consisting of the 
division by 5^(01,1, fl m ,i)i we ma y assume that 

tp(xi) = Hi + {terms of degree d not divisible by yf} 
+ {terms of degree > d}. 
Now define a homomorphism ip by 

i>(yi) ■= yi 

ip{Vi) ■= UiVi, for i > 1. 
We have V <f( x i) — u Vi, u being a unit of k[[yi, y m ]]. 

Then by composing on the right by the automorphism a defined by cr(xi) :— ^jy ^i and 
cr(xi) := Xj for any i^lwe can assume that ip o tp(x\) — uyf with in(u) = 1. 

Step 2: If c? = qp a with gcd(q, p) = 1, then we see that ip o ^3 = tp' o r' where t'(xi) = x' 
and r'(xi) = X, for i 7^ 1, and <^'(xi) = u'y\ , tp'(xi) — tp o </?(xi) for z 7^ 1 and in(u') = 1. 
So we can replace tp by tp'. 

In particular, if gcd(d, p) = 1, then we can assume <£>'(xi) = j/i. 

Then, if u e A p(3 , with (3 < a, then we have <p(xi) = u' pf3 (y p ) pf3 . So we see that 
^> o tp = tp' o t' where r'(xi) = x p and r'(xj) = Xj for i ^ 1, and i^'(xi) = u'y p , 
tp'(xi) — ip o <^(xj) for z 7^ 1 and in(u') = 1. 

So we can assume that tp(x\) — uy\ , in(u) = 1 and u £ B p if oti 7^ 0. At this step, the 
m-tuple (m, Hm) = (ai, +00, +00). 

Step 3: Assume that tp(xi) — y P 1 Ui, for i < j, with in(iij) = 1 and ttj ^ A p if a, 7^ 0. 
Moreover we assume that a\ < a2 < ■ • ■ < otj-i- We denote /i = (ai, ctj-i, +00, +00) 
and q is the dimension of A. 

Pick Xj G A such that (xi, Xj) is a subset of a regular system of parameters. Assume that 
m(tp(xj)) contains a monomial of the form cy kl ...y*^ 1 . If p ai divides fc, for all i < j — 1, then 
we replace Xj by the element Xj — cx kl ^ p 1 ...x*^ 1 ^ ° . By induction, there are two cases. 

In the first case we can replace Xj by an element of the form x 3 - — ^ fe c k^\^ V ■■■x k ^Z^ V ' , 
where the sum is finite, and then we can assume that m{tp(xj)) has no monomial of the form 
C V\ ■■■y k j-\ where p ai divides h for all i. In the second case we can replace Xj by an element 
of the form Xj — J2k c kX\^ V ■■■x k J~^ v 3 , where the sum is not necessarily finite, and then 
we have <p{xj) = 0. 

If tp(xj) = 0, then we exchange x n and Xj and we replace the Ik-algebra A = k[[xi, x q ]] by 
k[[xi, x g _i]]. Then we replace q by q— 1 and \i := (fii, n q ) — (ai, ctj-i, +00, +00) 

Step 4: Assume that tp{x{) — yf ' Ui, for i < j, for some units Ui with in(tij) = 1 and 
Ui ^ A p if a-i 7^ 0. Moreover we assume that a\ < ct2 < ■ ■ ■ < oij-i- As before we denote 
H = (ai, ctj-i, +00, +00) and q is the dimension of A . 

Let us choose Xj as we did at the Step 3. Let us consider cy kl ...y^" a monomial of in(<^(xj)). 
If one of kj, k m is different from zero, then after permutation of the elements yj, y m , 
we can assume that kj ^ 0. From Step 3 we assume that in(tp(xj)) has no monomial of the 
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form cy^.-.y^^ where p ai divides fc, for all i, and we assume that ^(^l) 0- 

Assume that for any non-zero monomial M = cy^ 1 ■■■u'j'Si a£in((p(xj)), p ai divides h for any 
i < I, but for one such monomial p a ' does not divide ki. Let us denote by a the greatest power 
of p that divides fcj, for all non-zero monomials of in(ip(xj)) of the form cy^ 1 ...j/*^" 1 ■ 
So we have a < aj. After a permutation of y;, yj-i, we can assume that there is a non- 
zero monomial of m(<p(xj)) such that p a divides fc; and p a+1 does not divide ki. After a 
change of variables of the form u{yi) = yi for i < I and <r(yi) — yi + J2k=i c i,kyk for i > I and 
for some a,k G k, we may assume that in(y>(a;j)) contains a non-zero monomial of the form 
cy'[ 1 ...y l 1 where p a divides h but p a+1 does not divide h. Then after a composition with a 
homomorphism of the form ip(yi) = yi for i < I and yi — y\y% for i > I, we can assume that 
all the monomials of m{tp(xj)) depend only on yi, yi. And by Step 3, we may assume 
that for all the monomials cy\ x ...yf l of in(ip(xj)), ki is divisible by p ai for any i < I, and 
that ki is divisible by p a but not by p a+1 . Finally we can exchange Xj and xi and we can 
apply the following lemma : 

Lemma 4.4. Under the hypothesis of theorem \4-3[ assume that <p(xi) = yf for all i < I 
and that the monomials of in(cp(xi)) depend only on yi,..., y\. Assume moreover that for 
all the monomials cy\ x ...y\ l of in{<p{xi)), ki is divisible by p ai for any i <l, and that k\ is 
divisible by p a but not by p a+1 . Then there exists a finite sequence of modifications of ip, 
such that Tp, the last homomorphism of the sequence, satisfies 

Tp(xj) = yf z Ui for i < I, 
7p(xi) = yf m 

for some units Uj and with a 1 < a. 

Proof of lemma \4^4\ We have cp(xi) = M\v\ H h M r v r for some units Vi and some mono- 
mials Mi. We assume that this expression is minimal: it means that none of these mono- 
mials divides another one. The convex hull in N m of the set of elements (wi, w m ) where 
m(tp(xi)) contains a non-zero monomial of the form cy™ 1 ■■■yf^ n is a convex polyhedron P 
of dimension strictly less than I (because all such elements satisfy wi+\ = ■ ■ ■ = w rn = 0). 
Let (wi, wt, 0, 0) be a vertex of this polyhedron. We can assume that M\ corresponds 
to this vertex. We denote by (wi. k, w m ,k) the element of N m that corresponds to Mfc 
for k > 1 . Because Mi is a vertex of P the cone defined by the following equations in the 
variables e,: 

i 

y^X w i, fc ~ Wi)ei > 

i=l 

for all k such that the monomial Mk depends only on y\, yi, is a non-empty open set of 
(K>o) m . Moreover, using modifications by blowing-up on the variables yi+i, y m , we can 
assume that the monomials Mk depending on at least one of yi+i, , y m satisfy twi, fc + • ■ • + 
wi t k > d. Hence the cone defined by the equations: 

I 

(1) ^2(w i< k-w i )ei>0, k = 2,...,r 

i=l 

is a non-empty open set of (R>o)'. Let (ei, ei) be I linearly independent vectors of this 
cone with coefficients in N: we write ei = (e^i,..., e^i) for each i. We can choose these 
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vectors such that their determinant is not divisible by p and such that p does not divide eij. 
Next we consider ip defined by: 

i>(yi) = yi' 1 -y?' 1 for 1 < i < I 

^(Ui) = Vi for i > I. 

Hence, because the vectors satisfy <[TJ) , -0 o tp(xi) is of the form ip(Mi)ui for some unit ui. 
More precisely we have: 

ip o (p(xi) = yf * e,,1 ...yf * e,,i Ui for i < j 

ip o ip(xi) = y{ ...y\ m. 

Because the vectors are linearly independant and because their determinant is not divisible 
by p, we can reduce to the following case by using modifications of type (4): 

ip o ip(xi) = yf ' m for i < I 

ip o <p{xi) =y l 'Ul 
for some units ui. And because eij and det(ei y k) are not divisible by p, according to the 
Cramer's rule and using Step 2, we can assume that: 

<P(?l) = vf u 'i 

where a 1 < a, because wi is not divisible by p a+1 . □ 
Finally, using Step 2, we can assume that 

ip(xi) =y\ 1 Ui for i < I, 

for some units Ui, where (o^, a\) <i ex (a%, ai) (this can be achieved by permuting the 
Xi and the yi). Then, if we denote p! = (a'i, a[, +oo, +oo), we have fi >i ex u' . 

Step 5: Assume that we have <p(xi) = yf * m for some units Ui with in(iti) = 1, where 
Ui B p whenever ai > 0, for any i < j. We assume that ai < at2 < • • ■ < otj-x and we 
denote q = dimA and u = (ax, atj-i, +oo, +oo). 

Let us denote by Xj an element of A such that (xi, Xj) is a subset of a regular system of 
parameters of A. 

From Step 4, we can assume that none of the monomials of m.(ip(xj)) depends only on 
yx, yj-i- After a change of variables in yj, y m we can assume that one of the monomials 
of in(ip(xj)) depends only on yi, yj. By composing with the homomorphism ip defined by 

tp(y l ) = y l yj, iori>j 

we can assume that in(tp(xj)) depends only on yi, yj, but all of its monomials depend on 
yj. So we have in(<^(a;j)) = Pd-k{yi, yj) where Pd-k is a homogeneous polynomial of 
degree k not divisible by yj. 
Thus, we can use lemma l4~4l and assume that 

vfa) = yV u i for i < h 
<P(xj) = VjUj 

for some units Ui and some integer a. Eventually, using step 2, we can assume that 

tp(xi) — yf % Uj for some units Ui with in(wi) = 1 and Ui ^ B p if a- ^ 0. Moreover we 
see that (a[, a»_i) <iex Oij-\). Hence after a permutation the variables we can 
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assume that a[ < ■ ■ ■ < a'j and /J,' — (a[, a'-, +00, +00) < /J,. 

Step 6: Eventually, we have p(xi) = yf 'ui, for i < q and p(xi) = for i > q, where 
ol\ < Q!2 < • • ■ < OL q and Ui are units. In this case one checks that 

A. v I Xq X2 



p - 1— P * 

y X q-l X l 

and we have grkp = q. Because the geometric rank is invariant under modifications, we get 
the result. □ 

Remark 4.5. If chark = 0, the proof of the result of Eakin and Harris is similar. Namely, 
at Step 2 we get p{x\) — 2/1 because any unit u with in(u) — 1 is a d-power for any d € N*. 
Then we can skip Step 3 and 4 because if g(y%, 2/7-1) '■= p(xj)(yi, i/j-i> 0, 0), then 
we replace Xj by x'j = Xj — g(xi, Xj—i) and<p(x'j) has no monomial of the form cy^ 1 ■■■y/Sx . 

Corollary 4.6. Let ip : A — > B be a homomorphism of local k-algebras where A is an 
integral domain, B is regular and k is perfect. Then grkp > drkp. 

Proof. It is clear from the definition that Arkp = Arkp. Moreover we know from lemma 
13.31 that grkp = grkp. Then we can assume that A and B are complete. Using lem- 
mas and [331 we can replace A by k[[xi,..., x n ]]. Because B is regular we can assume 
that B = k'[[yi, y m \] where k — > k' is finite (it comes from the definition of a homo- 
morphism of local k-algebras). It comes from the definition that Arkp = Arkpt' where 

^k' ■ ^ Ll 1' ***' Xn 

]} — > k'[[yi,..., y m )] is the homomorphism induced by p. Eventually 
we know that grk ip = grk p (lemma I3.5|) . Then using lemma 14.21 and theorem 14.31 we have 
Arkp < grkp. □ 

Let us assume k is a perfect field. If grkp = 1, then we can modify ip such that p>{x\) = 
y\ u for some unit u (with u — 1 if a = and u ^ B p if a > 0) and p{xi) = for i > 1, and 
then drkp = 1. It is clear that if grkp — then drkp — 0. In particular, if dimA = 1 we 
have grkp — Arkp. If dim^4 > 1, the situation is different as the following example shows: 

Example 4.7. Let p : A := k.[[x\, X2]] — ► 2/2, 2/3]] the k-homomorphism defined by 

M*i), p(x 2 )) := (yf (1 + 2/3), yf(l + Vl +1 )) 

with a, j3 > 1. Then we have grkp — 2. If f = J2i j a i,j x \ x i e L P~ l {B p ) then we have 

In particular, by looking at the coefficient of yf y^ p , we see that 

a h] (l + y 3 y(l + y p 3 +1 y EBP, Vi, j. 

Then the coefficient 0/2/3 in the last expression is iat j and is equal to because f £ B p . 
So a.ij = if i ^ (p). Now we assume that i 6 (p) and look at the coefficient of y p+1 in 
the last expression. This coefficient is ja.ij hence dij = if j (p). Thus we see that 

p^ 1 (B p ) = A p . Hence drkp = rank b (^Bp 1 (fl k (A))j . Then we deduce that drkp = 1 
because a, /3 > 1, thus drkp < grkp. 

We see here that the definition of differential rank avoids dealing with the fact that some 
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elements f € A can satisfy f £ A p and <p(f) G B p , but it does not avoid the fact that some 
elements f £ A can satisfy in(f) £ (Gr mA A) p and in(p(f)) <E (Gr mB B) p . 

Definition 4.8. Let tp : k[[xi, x n ]] — ► k[[yi, Vm]]- We say that p can be monomi- 
alized if there exists an admissible sequence of homomorphisms as in theorem \4-3\ such that 
a.i = for all i. An admissible sequence as in theorem \4-3\ is called a quasi-monomialization 
of (p. If for all i a, = 0, we call such a sequence a monomialization of (p. 

Corollary 4.9. Let ip : k[[x%,..., x n ]] — * k[fe/i,..., Vm]] where k is perfect. If tp can be 
monomialized, then grkip = drkp. 

5. Linear Chevalley's lemma 

The aim of this section (and originally of the present paper) is to give an answer to a 
question that S. Izumi asked the author. This question is related to the following result of 
C. Chevalley on complete local rings: 

Theorem 5.1. |Chj Let A be a complete local ring with maximal ideal m. Let (a„) be a 
decreasing sequence of ideals of A such that P\ n a n — {0}. Then there is a function (5 : N — ► 
N such that CLpt n ) C m™ for any natural number n. 

In particular, if we consider an injective homomorphism of local rings ip : A — ► B where 
A is complete, there is a function (3 : N — > N such that </9 -1 (m^"' ) ) C for any natural 
number n if and only if <p is injective (by Nakayama's lemma). This can be restated by 
saying that (3(v mA (f)) > v mB (tp(f)) for any / 6 A. If (3 is bounded from above by a linear 
function we say that ip has a linear Chevalley estimate. 

S. Izumi (in |Iz3j and |Iz5j ). in the case of equicharacteristic zero local rings, proved that ip 
has a linear Chevalley estimate if and only if grkp = dimA The question asked by S. Izumi 
was the following: is it possible to extend this result for local k-algebras with char (k) > 0? 
We can state such a result analogous of the main result of |Iz3] in positive characteristic : 

Theorem 11.11 Let ip : A — ► B be a homomorphism of local k-algebras where k is a 
field of positive characteristic. Assume that A is an integral domain and B is regular. Then 
the following conditions are equivalent: 

i) grk(/3 = dimA. 

ii) There is a, b 6 K such that av mA (f) + b> v mB if if)) f° r an Y / S A 

In order to give a proof of this theorem, we first state the following lemma due to S. Izumi: 

Lemma 5.2. [Izl] Let <p : A — > B and a : A' — > A be two homomorphisms of local 
rings where a is finite and injective and A is an integral domain. Then ip satisfies ii) if and 
only if ip o a satisfies ii). 

Proof. Because a is injective, if <p satisfies ii) then poo satisfies ii), It remains to prove the 
"if "-part. 

Assume that poo satisfies ii) with the constants a and b. Using a generalisation by D. 
Rees of a theorem of S. Izumi [Re] and the fact that A is an integral domain, there exist two 
positive constants c, d such that 

Mfg) < <vaU) + Ma)) + d, v/, g e a. 
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We define the following sequence of linear functions : 

Xq(u) := au + 6, A i+1 (u) := ac(u + Xi(u)) + b + d, Vi G N. 
We will prove by induction on r that 

MM) > A -(«) 

h hif r H h /l r +l) > X r (u) 



V/ e e A' if I , +1 
(2) L VA[J 



then ^(/) > u. 

Assume that it is proved for r < s. Let / G A and hi G A'. If > A s (u) and 

^(/ s+1 + /ii/ s + • • ■ + > A a (u), then 

+ ^i/ S + ■ • • + h s f) + V A (hs+i) > X s (u). 

By hypothesis we have 

av A (h s+ i) + b> av A '{h s+ i) + b> v B {ip ° cr(/i a+ i)) > A s (u). 

Then we get 

v a {fir + ^r- 1 + ■■■ + h,)) > x °w-\ 

If s = 0, then v A (f) >u. If s > 0, we have 

c M/) + ^(/ s + h^- 1 + ■■■ + h,)) +d> As(M) ~ 6 . 

a 

Hence either v A {f) > u, or z/^ 

(/ s + hif*- 1 H h /i s ) > A s _i(u). Thus © is proved by 

induction. Since er is finite, there exists a natural number fe such that any f £ A satisfies an 
equation of the form 

f + h x f- 1 + • • • + h k = 

for some hi G A'. Hence it is enough to choose a'u + b' = Xk-i(u), and <p satisfies ii) with 
the constants a' and b' . □ 



Now we can begin the proof of theorem 11.11 We will first reduce to the case A and B 
are complete. We remark that for any / G A we have v mA {f) = v m A {f) because A is fiat 
over A. So the order is invariant under completion. The Krull dimension and the geometric 
rank are also invariant under completion. Moreover, the inequality ii) of the main theorem 
is equivalent to a similar estimate for (p : A — ► B following remark 4.4 of [IzlJ. 



From now on we assume that A and B are complete and tp = (p. Then we show 
that i) and ii) are always true if dim(^4) = 0: grk(^ = dim(A) is trivially true because 
grk(/3 < dim(A) = 0. So i) is true. In particular, using lemma [3751 (p is injective. On 
the other hand A is artinian and so the following descending chain of ideals stabilises: 
A D 'P~ 1 {ms) D ... D tp^ 1 (m B ) D .... So there exists b such that fm B (<£(/)) ^ & f° r 
any / G A\Kerip = A\{0}, and ii) is true. 

From now on we assume that A and B are complete, B is regular and dim (A) > 1. In 
particular B = k'[[yi,..., y m ]] where k — ► k' is finite (it comes from the definition of a 
homomorphism of local k-algebras) . 

Step 1: Assume that k = k'. 
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(I) Implication ii) => i). 

We can reduce to the case A is regular by using lemma I5~4l 

Using lemma l4~2l and theorem l4.3l we can assume that tp is a homomorphism from k[[xi, x n ]] 
to k[[yi, y TO ]] and = «, for 1 < i < grkp and ip(Xi) = if i > grkp. It is obvi- 

ous from the definition of the geometric rank that grkip < min{n, to}. 

By assumption there are a and b such that p^ 1 (m^ + ) C for any k £ N. So, for any 
fc € N, we can define surjective k-linear maps 

p(A)/(mf +b np(A))^A/ m k A 

by choosing a lifting in A/m A of any element of p(A)/ (m^ fe+b n p(A)) . 

Because p(A)/ (m^ fe+b n p(A)) is a k-subspace of B/m a g +h , we have the following equalities 

and inequalities for any k £ N: 

(o* + b + m - 1)1/ ({ak + b - l)!m!) = dim k B/m^ +b 

> dim k ^(A)/ (m^ fe+b n <p(A)) > dim k A/m k A = (n + k - 1)!/ ((* - 1)! n!) 

Hence, by comparing the degree in k of these two polynomials, we get m> n. 

If grkp < n, then using theorem 14.31 we can assume that <p(x n ) = and hence x n £ 

p^ 1 {m a g +h ) for any k. This is impossible by assumption so we get grk</? = n. 

(II) Implication i) ii). 

First of all we can assume that A is regular by using lemma I3T41 and lemma I5T21 

Using theorem 14.3} we can assume that p{xi) = y\ u.i for 1 < i < grkp and p(xi) = if 

i > grkp. In this case statement ii) is obvious by taking a = maxip a; and 6 = 0. 

Step 2: Assume that k / I'. Using lemma 13.41 and the Cohen's theorem (for ex- 
ample corollary 31.6 of |Naj ). we can find a injective finite homomorphism of k-algebras 
a : A' — ► A such that grk</? = grk(<p o a) and such that A 1 is regular. By lemma [521 
we can replace A by A'. So we assume that A = k[[xi,..., x n ]] and B = k'[[yi,..., y m ]). 
We denote Av the k'-algebra ^4®kk' = k'[[a;i, x n ]]. We denote <pv the homomorphism 
Av — ► B induced by <p. Because k — ► k' is finite, then grk<^ = grkt^jc- by lemma 1531 
Using lemma 5.4 |Iz3| . we see that ip satisfies ii) if and only if pt> satisfies ii). Then the 
result follows from Step 1. □ 

Finally, following W. F. Osgood |Qsj and S. S. Abhyankar |Ablj . we give an example of 
the construction of injective homomorphisms of local rings for which the growth of the func- 
tion /? is greater than a given increasing function a : 

Example 5.3. Let a : N — > N be a increasing function and k be a field. Let (rij), be 
a sequence of natural numbers such that rij+i > a(rn) for any i and such that the element 
£(Y) :— J2i>i Y ni * s transcendental over k(Y) (such an element exists according to the 
constructive proof of lemma 1 in [ML-SJJ. Let us define the homomorphism p : A := 
k[[xi, x 2 , x 3 ]] — ► B := k[[yi, y 2 ]] by 

(p{xi), <p(x 2 ), p{x 3 )) = (yi, ym, yidim))- 

Because 1, y 2 , ^ (2/2) are algebraically independent overt, p is injective (cf. part 1 of [Abi\): 
indeed, let f £ Kerp. We write f = J2d fd> where fd is a homogeneous poynomial of degree 
d. Then p{f) = Y^VtfdO-, 2/2, £(2/2)) = 0. Hence, we have /<j(l, 2/2, £(2/2)) = for all d. 
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This implies that fd = for all d because 1, j/2 5 £(2/2) are algebraically independent. 
For any positive natural number i we define: 

r rii— 1 I ni tli—ni 1 1 n i — l ni—rti — i 

Ji ■ — X-^ X3 I *^1 * " * ' 1 ^2 J ' 

TTien we <?ei: 

f(fi) = Vx -Vi l^V2 e m B cm^ 

fe=i 

-Bwi /i ^ m^ 1 +1 i/itts /3(rii + 1) > a(jii) where f3 is the function above associated to p. Because 
ni — > +00 when i — ► +00, we get limsup ^|^y > 1. 

6. HENSELIAN AND ANALYTIC k-ALGEBRAS 

In this part and the next one, we study two particular examples of local k-algebras: 
namely the henselian and analytic k-algebras. In particular we have been inspired by the 
work of S. S. Abhyankar and M. van der Put jA-v dP] on analytic k-algebras. 



6.1. Terminology. From now on we assume that k is a field of any characteristic. Let 
k(xi,..., x n ) be the henselization of the localization of k[xi,..., x n ] by the maximal ideal 
(xi,..., x n ). This is a subring of k[[xi,..., x n ]]: k(a?i,..., x n ) is the ring of elements of 
k[[xi,..., x n ]] algebraic over k[xi,..., x n ]( x y The elements of x„) are called alge- 

braic power series. An henselian k-algebra A is a local k-algebra for which there exists an 
injective and finite morphism of local k-algebras: tt : k(xi, x n ) — > A. In particular any 
local k-algebra A such that there exists a surjective k-homomorphism k(xi, x n ) — > A 
is an henselian k-algebra. Thus, an henselian k-algebra is exactly a local k-algebra A such 
that these exists a k-subalgebra Aq of A such that Aq — ► A is finite and there is surjective 
local k-homomorphism k(xi, x n ) — > Aq. The reader should notice that our definition of 
an henselian algebra is not the definition used usually (cf. [Na] for example). 
The reader can remark that if k — ► k' is a finite extension of fields, then k' ®k k(xi, x n ) 
is not necessarily isomorphic to k'(xi, x n ). The same remark can be done for analytic 
k-algebras QBelj ). 

A homomorphism of local k-algebras <f> : A — ► B is called a homomorphism of henselian 
k-algebras if A and B are henselian k-algebras . 

Assume now that k is a valued field of any characteristic. Let k{xi, x n } denote the ring 
of convergent power series in n indeterminates with coefficients in k. In the same way as for 
henselian k-algebras, an analytic k-algebra A is a local k-algebra for which there exists an 
injective and finite homomorphism of local k-algebras: 7r : k{x\, x n } — > A. An analytic 
local ring over k is a local k-algebra A such that there exists a surjective k-homomorphism 
k{xi, x n } — ► A. 

A homomorphism of local k-algebras tp : A — ► B is called a homomorphism of analytic 
k-algebras if A and B are analytic k-algebras. For more properties of these k-algebras confer 
to |A-vdP| . 

A given homomorphism ip : A — ► B of henselian or analytic k-algebras is strongly injective 
if the map A/A — ► B/B induced by <p is injective (or equivalently if p^ 1 {B) = A). 
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6.2. Weierstrass preparation theorem. First we give the following version of the Weier- 
strass preparation theorem: 

Proposition 6.1. Weierstrass preparation theorem 

Let A and B be henselian or analytic local rings and ip : A — ► B a homomorphism of 
henselian or analytic k-algebras. Then <p is finite if and only if p is quasi-finite (i.e. B/xtiaB 
is finite over A/vcia)- 

Proof. The result for analytic k-algebras comes from lemma 1.3 [A-vdP]. So from now on let 
assume that A and B are henselian k-algebras. The result comes from the following lemma: 

Lemma 6.2. Let f £ k(x\,..., x n ) , assume that /(0, 0, x n ) ^ 0. Let us denote d :— 
ord Xn f{0, 0, x n ). Then for any g £ k(xi, x n ) there is a unique q £ k(x\, x n ) and a 
unique r £ k(x\, x n ~i)[x n ] with deg Xr r < d such that g = qf + r. 

Proof of the lemmaUUM From the Weierstrass preparation theorem for formal power series, 
we know that there exist unique elements q £ k[[xi, x n ]\ and T £ k[[x±, x n -i]][x n ] with 
deg Xn f < d such that g = qf + r. We consider the polynomial equation 

F(Q, Rt) := fQ + Rq + x n Ri + ■■■ + x^Rd-i -g = 

where F(Q, Ri) £ k{xi,..., x n )[Q, Ri,—, Rd-i]- From the formal Weierstrass preparation 
theorem, there is a formal solution to this equation, namely: 

(q, T , Td-i) e k[[xi, x n ]} x k[[xi, x n -i]] d 

such that T = T~o+rix n + - ■ ■+rd-ixf l ~ 1 . Then using the nested Artin approximation theorem 
(cf. |Sp2| theorem 11.4 and remark 11.6 (2)), we know that there exist (q, Tq,..., r<i-i) £ 

k(xi, x n ) x k(xi, x n -i) d such that F(q, r») = 0. If we define r := r + r\X n + H 

rd-iXn" 1 , then we have g — qf + r. So q and r satisfy the lemma. Moreover, because 
k(a;i, x n ) C k[[xi, x n }] and because q and r are unique, we see that q = q and r = r 
and the elements q and r are unique. □ 

It is well known that lemma ROl is equivalent to the proposition when there exist surjective 
homomorphisms k(xi, x n ) — ► A and k{y\, y m ) — > B ([Tol] or [Ab2] for example). 
To prove the general case, we can follow the proof of lemma 1.3 of |A-vdPj and lemma 2.4 
of |A-M-vdP] where only the analogous of lemma 16.21 for analytic local rings is used. □ 

Corollary 6.3. Let f £ k(x%,..., x n ). Assume that /(0,..., 0, x n ) ^ 0. Let us denote 
d := ord Xn f(0,..., 0, x n ). Then there exist a unit u £ k(x±, x n ) and elements ai £ 
k{x\, x n ^i) with Oi(0) = for < i < d such that 

f = u(a d x n + ad-ixf^ 1 H h a ). 

Proof. It is well known that this is equivalent to lemma I6T21 (see for example [Tol] or [Ab2j). 

□ 

Remark 6.4. Lemma \6.2\ is often called the Weierstrass division theorem. There exists a 
generalization of this one, called the Grauert-Hironaka division theorem, valid in the analytic 
case in all generality and valid in the henselian case with some additional hypothesis (cf. 

mi 

Corollary 6.5. Let A be a regular henselian (resp. analytic) k-algebra and let (a\, ...,a n ) 
be a regular system of parameters of A. Let k' be the coefficient field of A. The extension 
k — > k' is finite by definition. Let p : k' (g>k k(xi,..., x n ) — ► A (resp. tp : k' ®k 
k{xi, x n } — > A) be the unique homomorphism of local k' -algebras such that p{xi) = at 
for 1 < i < n. Then p is an isomorphism. 
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Proof. Follows from proposition ^. 11 □ 

6.3. Strongly injective homomorphisms. We now state the following results about ho- 
momorphisms of henselian or analytic k-algebras: 

Lemma 6.6. flA-vdP] lemma 2.1.2) Let tp be a homomorphism of henselian or analytic k- 
algebras. If p is injective and finite, then tp is injective and finite and p is strongly injective. 

Proof. Henselian and analytic k-algebras are Zariski rings (cf. theorem 9, chapter VIII of 
|Z-S] ). Then, using theorem 5 and 11 chapter VIII of |Z-S| . we see that tp is finite and 
injective. Then using theorem 15 chapter of |Z-Sj . we see that p is strongly injective. □ 

Let k be a field (resp. a valued field) of any characteristic and k' be a finite extension 
field (resp. valued field) of k. Let A = k' <8>k k(xi, x„) or A = k' ®\ k{xi, x„}, and 
k E {1, n}. We define the local k-homomorphism qk ■ A — > A by qk{xi) = Xi for 
i < k and qk(%i) — XkXi for i > k. For any d G N* we define the local k-homomorphism 
ipd '■ A — ► A by ipd(xi) = xf and ipdfai) = %i for i ^ 1. 

Lemma 6.7. (jA-vdPJ lemma 2.2.1) Let A denote the henselian h-algebra k'®kk(xi, x n ) 
(resp. the analytic k-algebra k' ®k k{xi, x n }). Any composition of k- automorphisms of 
A and of homomorphisms of the form qk and ipd is injective and strongly injective. 

Proof. This lemma has been proved for analytic k-algebras in |A-vdP| lemma 2.2.1. 
For henselian k-algebras, it is clear that k-automorphisms, homomorphisms ipd and qk are 
injective. Moreover it is clear that k-automorphisms are strongly injective. Hence, because 
any composition of injective and strongly injective homomorphisms is injective and strongly 
injective, we only need to prove that homomorphisms ipd and qk are strongly injective. 
Let us start with ipd- Let g — f(xf, X2, x n ) E k' 0k k(xi, .., x n ). Let (ei, e r ) be a 
k-basis of k'. There exist /; € k[[xi, x n ]] for 1 < I < r such that 

fl(xf, X 2 , X n ) S k(xi, .., X n ) 
r 

and g = ^eifi(xf, x 2 , x n ). 

i=l 

Let us consider /i for example. Let us denote g\ := fi(xf, x 2l x n ). There exist s e N 
and ai € k[xi, 2;„]m for < i < s such that 

(3) a s g{ H h a x g x + a = 0. 

For each i, we write = J2 a a i, <* x i 1 ■■■ x< n n with a iiQ G k. Then we define a- = ^ Q o^j;"'...!! 
where the sum is taken over the a E N n such that d divides a\. After multiplying relation 
((H) by some power of x±, we can assume that at least one of the a'^s is non zero. We define 
a'l = ai — a^. Then, for any non-zero monomial ex" 1 ...x^™ of a"gf + ■ ■ ■ + a'{gi + a'g = 0, d 
does not divide a±. Moreover, for any non-zero monomial ex" 1 ...x% n of a' s g{ + - ■ ■ + a' 1 gi+a' , 
d divides ct\. Then we see that a' s g\ + • • ■ + a\g\ + a' a = 0. Let hi G k[xi, x n ]( x ) sucn 
that ipd(bi) = a'i for 1 < i < s. At least one of the bi's is non zero. Then we have 
b s ff + • ■ • + fei/i + bo — and f\ E k(xi, .., x n ). We can do the same for all the /;'s. Hence 
/ E k' ®k k(xi, x n ) and ipd is strongly injective. 

Now we prove that qk is strongly injective. Let / E k'[[xi,..., x n ]]. We have / = fi £ i 
where /; G k[[xi, x„]] for 1 < I < r. Assume that qk(f) € k' (E>t k(xi, x n ). It is clear 
that qk(fi) G k(xi,..., x„) for 1 < I < r. It is enough to prove that if / G k[[xi,..., x„]] 
satisfies qk(f ) G k(xi, x n ) then / G k(xi, x n ). So let / G k[[xi, x„]] such that 

g := /(xi, x fc , XkXk+i, x k x n ) 6 k(xi, x„). 
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There exist seN and a, £ k[xi, x n ]( x ) for < i < s such that 

(4) a s g s + \-a ig + a a = 0. 

We write at = J2 a 

" for any £ with a,, Q e k. Multiplying relation (JH) by 
some power of Xk, we can assume that any a £ N" such that aj iCt ^ satisfies > 
otk+i + ■ ■ - + a n . Then there exist bi £ k[xi, 3Gn](a) such that qk{bi) — Oj for < £ < s. We 
have frs/ 5 + • • • + 61/ + 60 = 0, hence / € k' (g>k k(xi, x n ) and % is strongly injective. □ 

Lemma 6.8. (^A-vdP] lemma 2.1.3) Let f : A — ► B and if' : B — > C be homomor- 
phisms of henselian or analytic k-algebras. If if' o ip is strongly injective then if is strongly 
injective. 

Proof. Follows from the definitions. □ 

Lemma 6.9. Let f : k(xi, x n ) — > k' ® k k(y 1; y m ) (resp. if : k{xi, x n } — > 
k' (8>kk{?/i, y m }^ where k — > k' £s a finite extension of fields. Let iff denote the induced 
homomorphism of analytic k' -algebras : k' ®\ k{xi, x„} — ► k' (g)^ k{yi, y m }- Then 
grkf = grkf V . 



Proof. By lemma [3721 we can replace the henselian or analytic algebras by their completions. 
Then the result comes from the fact that k[[xi, .... x n ]] — > k'[[xi, x n ]} is finite and lemma 

run □ 



Theorem 14.31 is still valid for henselian and analytic k-algebras: 

Theorem 6.10. Let k be a field (resp. a valued field) of any characteristic and k' a 
finite field extension of k. Let us consider an homomorphism if : A — ► B, where A — 
k' C?Sk k(xi, x n ) and B = k' (K)k k(yi, y m ) (resp. A = k' (g>k k{xi, x n } and B = 
k' ®k k{yi,..., i m }j. Then there exists an admissible finite sequence of homomorphisms 
(<p»)t=o : k' ®ik k(xi, x n ) — > k' (g> k k(yi, y m ) (resp. (fi)i : V ® k k{xi, x„| — ► 
k' <g)k k{yi, J/m}^ smc/i i/iai tpo = f- The last homomorphism fk satisfies 

fk{xi) — yf ' Ui for some units Ui if chark — p > 
or fk{xi) — yt if chark = 0, for i < grkf 
and fk{xi) = for i > grkf. 
Moreover, if chark = p > 0, for any i, Ui = 1 whenever ai — 0, and in{ui) = 1 and Ui ^ B p 
whenever on > 0. 

Proof. Modifications of types (2) and (4) are algebraic and analytic. The Steps 0, 1, 4 and 
5 involve only k-automorphisms of k'[[xi, x n ]] and of k'[[yi, y n ]] that are defined by 
polynomials. For Steps 2, 4 and 5, using modifications of type (3), we allow to take em- 
powers of algebraic power series (resp. convergent power series) and they are still algebraic 
power series (resp. convergent power series). The only problem can occur at Step 3, where 
we replace Xj by an element of the form x'j := Xj — J2k Cfc^i 1 ■■■ x j 3 -i such that f{x'j) = 
because we do not know if x'j is algebraic (resp. convergent). When chark = this is obvious 
because ip(xi) = yi for 1 < £ < j — 1 by assumption (see remark l4~5j) . 

From now on we assume that chark = p > 0. We assume that A = kf ®kk(xi, x n ) (resp. 
A = k' ®kk{xi, x n }) and B = k' ®kk(yi, y m ) (resp. B — k' ®kk{yi, y m }) and we 
will prove that x'j £ A. We will use the following fact: 

Lemma 6.11. Assume that chark = p > 0. Let us consider if : k' ® k k{x%, Xj-i) — > 
k' ®k k(yi, y m ) (resp. f : k' ®k k{xi, Xj-i} — > k' (gi k k{yi, y m }) such that for 
any i we have f(xi) = yf Ui for some units Ui. Then f is strongly injective. 
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In particular, because tp(xj) = tp [J2 k Cfea;^ 1 --x^Li J € k' 8k k(j/i, y m ) (resp. k' (g> k 
k{yi, y rn }), we see that 

^2 c k x i 1 — x /-i S k' ® k k(yi, y m ) 
fe 

(resp. k' ® k k{xi, Xj_i}), and so ^- 6 k' (g) k k(yi, y m ) (resp. k' ® k k{xi, □ 

Now we give the proof of the lemma: 

Proof of lemma [6Al[ We give the proof in the case of analytic k-algebras, the case of 
henselian k-algebras being exactly the same. Let ir denote the projection homomorphism 
k' ®k k{yi, y m } — ► k' ®k k{yi, yj-%}. Then the homomorphism induced by ir o tp: 

k' ® k k{xi,..., Xj-i}/(xi,..., Xj-i) — >k' (g) k k{yi, y i _ 1 }/(7r o ip((xi, Xj-i))) 

is finite. Using proposition [6HJ we see that irotp is finite. Moreover, 71-0^ is injective because 
grk (irotp) = j — 1. Using lemma [6^61 we see that 7r o 9? is strongly injective, and from lemma 
16.81 we see that tp is strongly injective. 

□ 

In particular we get the following result, which is a weak version of a theorem of A. M. 
Gabrielov |Ga2] : 

Theorem II. 21 Let k be a field of any characteristic. Let tp : A — ► B be a homo- 
morphism of henselian or analytic k-algebras, where A and B are regular. If grk tp — dimA, 
then ip is strongly injective. 

Proof. We give the proof for analytic k-algebras, the case of henselian k-algebras being the 
same. 

Using corollary HT5J we can assume that A = k' ®^k{x\, x n } and B = k"®i c k{yi, y m } 
where k' — ► k" is finite. If we replace A by k" ®ik{si, x n } then the geometric rank will 
not change by lemma [6791 Moreover, if (pk» : k" ®k k{x±, x n } — ► k" ®t k{y±, y m } is 
strongly injective, then tp is strongly injective because if / £ tp~ x {B), then / € tp^„ (B) and 
/ is convergent. So from now on we assume that k = k". 

Using theorem 16.101 we see that a\ o tp = Tp o 02 where the homomorphisms a\ and a<x are 
compositions of k- automorphisms of A and B and of homomorphisms of the form qt~ and tpd, 
and Tp is defined by Tp(xi) = yf Ui, some some units u, and some on G N, for all i. Then 
using lemmas f6.7[ 16.81 and 16.114 we see that tp is strongly injective. □ 

7. A REMARK ABOUT DIMENSION TWO 

Example 15.31 shows that we can construct injective homomorphisms p : A — > B with 
grk(/3 < dim^4 as soon as dirndl > 3. We prove here that it is not possible to find such 
examples when A is an henselian, analytic or complete k-algebra and dim^L < 2. 
In fact, it is obvious that if dimA = 1 and tp is injective then grk(^ = 1. Indeed, using lemma 
13.41 we can replace A by k(x), k{x} or k[[x]) and B by k'(gikk(j/i, y m ), k'(8kk{t/i, y m } 
or k[[j/i, y m ]]. Then the result is immediate. 

When dimA = 2 we have the following result that shows us that dimA = 2 is a nice case as 
remarked by S. S. Abhyankar and M. van der Put in [AM] and |A-vdPj : 

Theorem 7.1. Let p : A — > B be a homomorphism of henselian, analytic or complete k- 
algebras where A is an integral domain of dimension 2 and B is regular. Then p is injective 
if and only if grktp = 2. 
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Proof. From lemma [3751 we see that grkip = 2 implies that ip is injective. So from now on 
we assume that <p is injective. 

First assume that A and B are analytic Ik-algebras (the case of henselian k-algebras is 
the same). There exists an injective and finite homomorphism of analytic k-algebras 7r : 
k{xi, X2} — ► A, so using lemma 1374} we can replace A by k.{x%, a^}- Because B is regular 
we assume that B = k'®kk{yi, y m } (corollary l6.5p and k' is a finite extension of k. Then, 
we can replace k{xi, X2] by k' ®^ k{x\, X2} by using lemma [6791 

If A and B are complete, there exists an injective and finite homomorphism of local Ik- 
algebras 7r : k[[xi, X2]} — ► A, so using lemma 1374} we can replace A by k[[xi, X2]]. 
Because B is regular we assume that B — k![[yi,..., y m ]] where k — > k! is finite. The 
injection k[[#i, X2}] — > k'[[xi, X2]] is finite because k — > k' is finite, then the homomor- 
phism k'[[x l7 x 2 ]] — ► k'[[yi, y m ]] is injective. Because the geometric rank does not change 
after finite extension of ground field, we can assume that k = k'. 

From now on we do the proof for analytic k-algebras, the proof for henselian and complete 
k-algebras being the same. To compute grktp we use the algorithmic proof of theorem 14.31 
We first give the proof when chark = p > 0. We define 

A := {a 6 N / 3x e k{xi, X2} with ord(ir) = 1, and p a divides ord(ip(x)) 

but p a+1 does not divide oid(<p(x))} 

We denote by a the least integer of A. Let us choose an element 1 £ k' ®k k{xi, X2} such 
that p a divides orA{ip(x)) and p a+1 does not divide ord((p(x)). Using Step 1 and Step 2 
of the proof of the theorem 14. 3^ we can replace (p by Tp such that Tp(x) = y\ u for some 
unit u and <p = ip aTp o ip^o a where ip is a composition of blowing-ups and automorphisms 
of k' <g)jj k{yi, y m }, & is an automorphism of k' (8>k k{x\, X2} and ipd is a modification 
of type (3). More precisely ipd{x) — x d and tpd{z) = z where z 6 A is choosen such that 
k' cS>fe k{x, z} = k' ®k k{a;i, x 2 }. 

Then using Step 3, we can replace z by an element of the form z' := z — ^ fe CkX k with Cfc 6 k 
for all k, and then we can assume that p(z') has no monomial of the form cy\ such that p a 
does not divide k. 

Assume that Tp(z') = 0. We can write d = p r e with e A p — 1. Then we denote 

/ ; = n (z-j2 c ^ k ) 

EGDe V k I 

where U e is the set of the e-roots of 1 in some finite field extension k" of k. We have 
/ € k' ®k k"{x d , z} — Im^d) because the coefficient of each monomial x s z l of / is a 
linear combination, with coefficient in k, of terms erj' 1 ...cjg e , where <Ji is the z-th elementary 
symmetric polynomial in e variables at (1, £,..., £ e_1 ) where e is a primitive e-root of 1. 
Moreover these terms satisfy ^ ist = s, hence they are equal to if s ^ (e), because 
e, e e ~ 1 ) = if i 7^ e. Moreover, because the minimal polynomial of e over k has 
its coefficients in k, then 0i(l, £, £ e_1 ) € k. Then / £ k' <S>k k{x d , z}. By construction 
we have Tp(f) = 0. Thus Tp o ipd is not injective. Because modifications of type (1) and (2) 
transform injective homomorphisms into injective homomorphisms, this gives us that <p is 
not injective, which is a contradiction. Hence Tp(z') ^ 0. 

Now, because a is the least integer of A, there is no element x' £ A such that p Q_1 divides 
ord(^(x')). Indeed, modifications of type (1), (2) and (3) do not modify the least integer of A. 
In particular in(^(z')) has no monomial of the form cy\ such that p a does not divide k. Then 
we can skip Step 4, and using Step 5, we can replace Tp by Tp such that ~<p(x) = y\ &1, ^y\ ei ' 2 Wi, 
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p(z') — y[ iei ' 1+l2e2 - 1 y i 2 lBl ' 2+l2C2 - 2 u2 for some units u\ and U2, and with p = ip' o cp where tp' 
is a composition of blowing-ups and automorphisms of k{yi, y m }- Moreover the matrix 
( e i,j)i,j ls invertible. Then using modifications of type (4) we transform Tp in Tp such that 
Tp{x) — y\ ui and Tp(z') — y\ 112 for some units u\ and U2- Hence grky? = 2. 
Now, if chark = then we can do almost the same, but we do not need A. We just choose 
x — x\ and z — x 2 . After that the proof is the same as above. □ 

Corollary 7.2. Let p : k{xx, x 2 } — >k{yi,..., y m } (resp. p : k(a;i, x 2 ) — >k(t/i,..., y m ) ) 
be an injective homomorphisms of analytic (resp. henselian) k-algebras. Then, for any finite 
extension of fields k — > k', the induced homomorphism ipw : k'{xi, X2} — ► k'{yi, Vm} 
(resp. p>r : k'(xi,x 2 ) — ► k' (yi, y m ) ) is injective. 

Proof. By theorem 17.11 grky = 2. Then, if chark — p > p, p can be transformed using 
modifications into a homomorphism p such that p(x\) = y\ u\ and p{x2) = y\ 112 for 
some units. Then ip^> can be transformed in the same way and grk^k' = 2. Then pt> is 
injective by lemma [3751 The proof in characteristic zero is the same. □ 

From this result we deduce the following two results, the first being a generalization to 
the case of henselian k-algebras of a theorem of S. S. Abhyankar and M. van der Put (cf. 
theorem 2.10 of [A-vdP] ): 

Theorem II .31 Let p : A — > B be a homomorphism of henselian or analytic k-algebras 
where A is regular and dim(A) = 2. If <p is injective then it is strongly injective. 



Proof. We can always find an injective homomorphism of analytic or henselian k-algebras 
a : B — ► B' where B' is regular by using the de Jong's theorem on alterations |dJ| . If ip 
is injective then a o p is injective. So we can assume that B is regular. Thus grk [a op) =2 
from theorem 17. II Hence from theorem ll.2l <7 o pi is strongly injective and then p is strongly 
injective by lemma [6^81 □ 

Corollary 7.3. Let p : A — ► B denote a homomorphism of complete local k-algebras 
where A is a two dimensional integral domain. Then p is injective if and only if <p> has a 
linear Chevalley estimate. 

Proof. It is obvious that p is injective if it has a linear Chevalley estimate. 
As before we can find an injective homomorphism of local k-algebras B — ► B' where B' is 
regular by using the de Jong's theorem on alterations [djj. It is obvious that if A — ► B' 
has a linear Chevalley estimate then A — > B does also. Hence we can assume that B is 
regular. In this case the result comes from theorems 17. II and ll. II □ 
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